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We want to design an algebraic Prolog 
for learning with linear separators.

Motivation

Prolog
?-

Which Prolog 
program should

I write?

Linear separators
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Motivation
We want to design an algebraic Prolog 

for learning with linear separators.
Linear separators

just map to higher 

dimensionality

Prolog
?-

Which Prolog 
program should

I write?
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Motivation

6

Probabilistic 
programming

Learning 
with kernels

Kernel 
programming

Short
description

ProbLog
&

PRISM
✓ ✗ ✗

facts  are labeled 
and  labels are 

combined using 
logic

kLog ✗ ✓ ✗
grounds logic to 
a graph, calls an 
external graph 

kernel

kProlog ✓ ✓ ✓
fact labels 
capture the 

kernel, logic 
allows to program 

the kernel
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In kProlog

S

facts are labeled

with semiring elements.

kProlog

S
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In kProlog

S

facts are labeled

with semiring elements.

kProlog

S

9

Sounds like algebraic ProbLog 
without disjoint sums.



A kProlog

S

program P is a 4-tuple (F ,R, S, `) where:

• F is a finite set of facts,

• R is a finite set of definite clauses (also called rules),

• S is a semiring with sum � and product ⌦
operations, whose neutral elements are 0S and 1S

respectively.

• ` : F ! S is a function that maps facts

to semiring values.

kProlog

S
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Algebraic interpretation
An algebraic interpretation Iw = (I, w)
of a ground kPrologS program P = (F ,R, S, `)
is a set of tuples (a, w(a))
where:

• a is an atom in the Herbrand base A

• w(a) is an algebraic formula over

the fact labels {`(f)|f 2 F}.
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Algebraic      -operator
Let P = (F ,R, S, `) be a ground algebraic logic program
with Herbrand base A.
Let Iw = (I, w) be an algebraic interpretation
with pairs (a, w(a)).
Then the T(P,S)-operator is T(P,S)(Iw) = {(a, w0(a))|a 2 A}
where:

w0(a) =

8<: `(a) if a 2 FM
{b1,...,bn}✓I
a:�b1,...,bn

O
n
i=1w(bi) if a 2 A \ F .

TP
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Algebraic      -operatorTP
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a :� a , b .

a :� c .

�

=

w(a) ⌦ w(b)

w(c)

TP ({ a })

logic
example

w(c) = 0.9
w(b) = 0.3w(a) = 0.5TP -operator

0.5 x 0.3 
+

0.9
=

1.05

{\color{magenta}w}



Tensor operations

Vectors and 
matrices are 

particular cases 
of 1-mode and 

2-mode tensors 
respectively.

represents n-mode tensor.• n-ary predicate a/n

a(d1, ...dn)• a ground atom represents n-mode tensor.
d1, . . . , dn•                 are elements of the Herbrand universe 
and are the indices that identify a cell.
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Tensor operations

:� de c l a r e ( a /2 , i n t ) .

1 : : a (0 , 0 ) .
2 : : a (0 , 1 ) .
3 : : a (1 , 1 ) .

A =


1 2
0 3

�

B =


2 1
5 1

�
:� de c l a r e (b/2 , i n t ) .

2 : : b (0 , 0 ) .
1 : : b (0 , 1 ) .
5 : : b (1 , 0 ) .
1 : : b (1 , 1 ) .

algebra kProlog
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Tensor operations
algebra kProlog

At

transpose

A+B
sum

A�B

Hadamard product
(element-wise product)

example

[ 1 2
0 3 ]� [ 2 1

5 1 ] = [ 2 2
0 3 ]

[ 1 2
0 3 ] + [ 2 1

5 1 ] = [ 3 3
5 4 ]

[ 1 2
0 3 ]

t = [ 1 0
2 3 ]

c (I , J) :�
a (J , I ) .

c (I , J) :�
a (I , J ) .

c (I , J) :�
b(I , J ) .

c (I , J) :�
a (I , J ) ,
b (I , J ) .
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Tensor operations
algebra kProlog example

[ 1 2
0 3 ] [

2 1
5 1 ] = [ 12 3

15 3 ]
AB

matrix product

=

c (I , J) :�
a (I , K) ,
b (K , J ) .

I

JK

K
I

J

A B C
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******************************** 
 * * * * * * * * * * * * * * * * 
  **  **  **  **  **  **  **  ** 
   *   *   *   *   *   *   *   * 
    ****    ****    ****    **** 
     * *     * *     * *     * * 
      **      **      **      ** 
       *       *       *       * 
        ********        ******** 
         * * * *         * * * * 
          **  **          **  ** 
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            ****            **** 
             * *             * * 
              **              ** 
               *               * 
                **************** 
                 * * * * * * * * 
                  **  **  **  ** 
                   *   *   *   * 
                    ****    **** 
                     * *     * * 
                      **      ** 
                       *       * 
                        ******** 
                         * * * * 
                          **  ** 
                           *   * 
                            **** 
                             * * 
                              ** 
                               *

Tensor operations
algebra kProlog

example

A⌦B

Kronecker
product

c ( i ( Ia , Ib ) , j ( Ja , Jb )):�
a ( Ia , Ja ) , b ( Ib , Jb ) .

The indices of the result are compound terms.                                                                              
Tensor relational algebra lacks of functions, so the Kronecker product can not be naturally. 


1 2
0 3

�
⌦

2 1
5 1

�
=


1 [ 2 1

5 1 ] 2 [ 2 1
5 1 ]

0 [ 2 1
5 1 ] 3 [ 2 1

5 1 ]

�
=

2

664

2 1 4 2
5 1 10 2
0 0 6 3
0 0 15 3

3

775

A B
C
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kProlog overcomes the limitations of kProlog

S

.

We introduce:

• multiple semirings in the same program,

• meta-functions and meta-clauses to overcome

the limits imposed by the semiring

sum � and product ⌦ operations.

kProlog

20



kProlog: meta-functions

A meta-function m: S1 ⇥ . . .⇥ Sm ! S

0
is a function

that maps m semiring values xi 2 Si, i = 1, . . . , k
to a value of type S

0
, where S1, . . . , Sk and S

0
can be

distinct semirings.

Let a_1,...,a_k be algebraic atoms, the syntax

@m[a_1,...,a_k]

expresses that the meta-function @m is applied to the

semiring values of the atoms a_1,...,a_k.
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kProlog: meta-functions

22

minteger
real real

1

2

m : R⇥ Z ! R

m : (x, y) 7! ysin(x)



kProlog: meta-clauses

In the kProlog language a meta-clause

h :- b_1,...,b_n.
is a universally quantified expression where:

• h is an atom

• b_1,...,b_n can be either:

– body atoms or

– meta-functions applied to other algebraic atoms.

For a given meta-clause, if the head is labeled with

the semiring S, also the labels of the body atoms

and the return types of the meta-functions must be

on the semiring S.
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kProlog: meta-clauses

24

meta-clause

a :� a , b .
a :� @sin [ c ] .



kProlog: program

A kProlog program P is a

union of kProlog

Si
programs

and meta-clauses.

25



Algebraic      -operator
with meta-clauses

TP

Let P be meta-transformed kProlog program

with facts F and atoms A.

Let Iw = (I, w) be an algebraic interpretation

with pairs (a, w(a)).
Then the TP -operator is TP (Iw) = {(a, w0(a))|a 2 A}
where:

w0(a) =

⇢
`(a) if a 2 F

w0
CLAUSE

(a)
L

w0
META

(a) if a 2 A \ F

w0
CLAUSE

(a) =
M

{b1,...,bn}✓I
a:�b1,...,bn

O
n
i=1w(bi)

w0
META

(a) =
M

{b1,...,bk}✓I
a:�@m[b1,...,bk]

m(w(b1), . . . , w(bk)

The same as in

kProlog

S
.

Contribute from the

meta-functions.

26



Algebraic      -operator
with meta-clauses

TP

27

logic
example

w(c) = 0.9
w(b) = 0.3w(a) = 0.5TP -operator

a:�a , b .

a:�@sin [ c ] .

�

=

w(a) ⌦ w(b)

TP ({ a })

sin(w(c))

0.5 x 0.3 
+

sin(0.9) = 0.78…

=
0.93…
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Cyclic programs

29



Evaluation of kProlog programs

additive
vs 

destructive
updates

• meta-transformation (P 0  P )

• grounding (P  ground(P ))

• partitioning in strata

(ground(P ) {P 1, . . . , Pn} where ground(P ) =
Sn

i=1 P i)

• visit the strata sequentially P 1, . . . , Pn:

• for reach stratum P i:

– if is acyclic apply the algebraic TP -operator once.

– if is cyclic apply the algebraic TP -operator:

⇤ for the acyclic rules only once.

⇤ for the cyclic rules until convergence of the weights.

 :- declare(<pred.>/<n>, <sem.>). 
vs

 :- declare(<pred.>/<n>, <sem.>, <update-type>). 

30

see also

[Whaley & al. 2015]



Evaluation of kProlog programs
P_1 , ..., P_n = scc(ground(P)) // find the strongly connected components

// in the ground program

⇡ = topsort(STRATA) // find a permutation that sorts

// the strata in topological order

for f in F

// initialise w(f) to the

// weight of the fact f

end

for i in ⇡
w(a) := 0_s 8 a 2 P_i \ F

w_old := w

for rule in NREC(P_i)

h = head(rule)

w(h) := w(h) + T_(P_i , w_old)(rule)

end

w_old := w

while w_old != w

�w(head(rule)) = 0_s 8 rule 2 REC(S)

for rule in REC(P_i)

h = head(rule)

�w(h) += T_(P_i , w_old)(rule)

end

for rule in REC(S)

if rule is additive

w(head(rule)) := w_old(head(rule)) + �w(head(rule))

else // rule is destructive

w(head(rule)) := �w(head(rule))

end

end

end

end

 :- declare(<pred.>/<n>, <sem.>). 
vs

 :- declare(<pred.>/<n>, <sem.>, <update-type>). 

additive
vs 

destructive
updates

fo
r 

  l
an

g
ua

g
e 

  l
aw

ye
rS
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Cyclic programs
g : R ! R g(x) = x(1� x)
meta-function definition

we want to compute:
lim

n!1
g

n(x0), where x0 = 0.5

g

0(x
0

) = x

0

g

1(x
0

) = g(x
0

)

g

2(x
0

) = g(g(x
0

))

...

g

n(x
0

) = (g � . . .� g)| {z }
function

composition

n times

(x
0

)

images generated with: 
http://mathinsight.org/applet/function_iteration_cobweb_combined

Cobweb Plot Solution

32
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Cyclic programs

STRATUM 2

STRATUM 1

xx

x :- x0.

x :- @g[x].

x0x0

0.5::x0.

w(x0) := 0.5

destructive 
assignment

w(x) := w(x0)

wold := w

while w(x) != wold

(x)

�w(x) := g(wold

(x))

w(x) := � w(x)

end

:� de c l a r e (x , r ea l , d e s t r u c t i v e ) .

:� de c l a r e ( x0 , r e a l ) .

0 . 5 : : x0 .

x :� x0 .

x :� @g[ x ] .

destructive 
assignment

g(x) = x(1� x)

g : R ! R
meta-function definition
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multivariate polynomials
for

feature extraction

kProlog

S[x]
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G G0

k(G,G0) = h�(G),�(G0)i

� �

High-dimensional 
feature vectors.

inner-product
in the feature space

. . .. . . . . . . . .

Graph kernels
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Representing the 
structure of a machine 

learning problem
framework domain

structure
machine
learning

conv. kernels on 
discrete data 

structures
graph kernel

kProlog logic program
meta-clauses

algebraic labels
meta-functions

37



kProlog

S[x]

sum

L

compress @id

dot product @dot

some relevant operations

38



kProlog

S[x]

semiring sum = feature addition

M

2 ⇤ xgreen+
3 ⇤ xmagenta

2 ⇤ x

sky

+
2 ⇤ x

cyan

+
x

orange

Subgraph

2 ⇤ x

green

+
3 ⇤ x

magenta

+
2 ⇤ x

sky

+
2 ⇤ x

cyan

+
x

orange

39



kProlog

S[x]

@id function = feature compression

2 ⇤ xmagenta 2 ⇤ x
orange

@id

1 ⇤ xcyan
1 ⇤ xmagenta+
1 ⇤ xgreen

@id

1 ⇤ xmagenta 1 ⇤ xsky@id

2 ⇤ xgray 1 ⇤ xmagenta@id

1 ⇤ xgray 1 ⇤ xgreen@id

analogous of the f function in [Shervashidze et al. (2011)]
40



kProlog

S[x]

@dot product

1 ⇤ xmagenta+
1 ⇤ xgreen

2 ⇤ xmagenta

@dot 1 x 0 + 1 x 2 = 2

hP(x),Q(x)i =
X

(p,e)2P

X

(q,e)2Q

pq

example

41



Weisfeiler-Lehman algorithm

Recoloring step

New colors

Recoloring step

New colors

(a.k.a. color refinement)

Lh(v) =

⇢
`(v) if h = 0

f({Lh�1(w)|w 2 N (v)}) if h > 0

Can also be used to 

initialise GI-testing 

algorithms.

42



Weisfeiler-Lehman graph kernel

WL base
features

WL
feature

| {z }
phi(1, graph_a)

| {z }
"

phi(2, graph_a)

|{z}
"

phi(0, graph_a)

:� dec lare ( ver tex /2 , po lynomia l ( i n t ) ) .

:� dec lare ( edge asymm /3 , boolean ) .

:� dec lare ( edge /3 , po lynomia l ( i n t ) ) .

1 ⇤ x ( gray ) : : ve r tex ( graph a , 1 ) .

1 ⇤ x ( gray ) : : ve r tex ( graph a , 2 ) .

1 ⇤ x ( gray ) : : ve r tex ( graph a , 3 ) .

1 ⇤ x ( gray ) : : ve r tex ( graph a , 4 ) .

1 ⇤ x ( gray ) : : ve r tex ( graph a , 5 ) .

edge asymm ( graph a , 1 , 2 ) .
edge asymm ( graph a , 2 , 3 ) .
edge asymm ( graph a , 3 , 4 ) .
edge asymm ( graph a , 4 , 5 ) .

1 . 0 : : edge ( Graph , A, B):�
edge asymm ( Graph , A, B ) .

1 . 0 : : edge ( Graph , A, B):�
edge asymm ( Graph , B, A ) .

polynomials to represent 
graph labels
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Weisfeiler-Lehman graph kernel

WL base
features

WL
feature

| {z }
phi(1, graph_a)

| {z }
"

phi(2, graph_a)

|{z}
"

phi(0, graph_a)

:� dec lare ( w l c o l o r / 3 ,
po lynomia l ( i n t ) ) .

:� dec lare ( w l c o l o r m u l t i s e t / 3 ,
po lynomia l ( i n t ) ) .

w l c o l o r m u l t i s e t (H, Graph , V):�
edge ( Graph , V, W) ,
w l c o l o r (H, Graph , W) .

w l c o l o r (0 , Graph , V):�
ver tex ( Graph , V ) .

w l c o l o r (H, Graph , V):�
H > 0 ,
H1 i s H � 1 ,
@id [ w l c o l o r m u l t i s e t (H1, Graph , V ) ] .

polynomials represent 
multisets of labels

@id meta-function
for recoloring
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Weisfeiler-Lehman graph kernel

WL base
features

WL
feature

| {z }
phi(1, graph_a)

| {z }
"

phi(2, graph_a)

|{z}
"

phi(0, graph_a)

:� dec lare ( ph i / 2 , r e a l ) .
ph i (H, Graph):�

w l c o l o r (H, Graph , V ) .

:� dec lare ( base kernel / 3 , r e a l ) .
base kernel (H, Graph , GraphPrime ):�

@dot [ ph i (H, Graph ) ,
ph i (H, GraphPrime ) ] .

the base kernel H
is the dot product

between explicit feature
vector at iteration H

explicit feature vector
at iteration H
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Weisfeiler-Lehman graph kernel

WL base
features

WL
feature

| {z }
phi(1, graph_a)

| {z }
"

phi(2, graph_a)

|{z}
"

phi(0, graph_a)

:� dec lare ( ke rne l w l / 3 , r e a l ) .

ke rne l w l (0 , Graph , GraphPrime ):�
base kernel (0 , Graph , GraphPrime ) .

ke rne l w l (H, Graph , GraphPrime ):�
H > 0 , H1 i s H � 1 ,
ke rne l w l (H1, Graph , GraphPrime ) .

ke rne l w l (H, Graph , GraphPrime ):�
H > 0 ,
base kernel (H, Graph , GraphPrime ) .

accumulate base-kernels
of successive iterations

46



G G0

k(G,G0) = h�(G),�(G0)i

� �

High-dimensional 
feature vectors.

inner-product
in the feature space

. . .. . . . . . . . .

Graph kernels
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High-dimensional 
vertex attributes.

G G0

k(G,G0) = h�(G),�(G0)i

� �

High-dimensional 
feature vectors.

inner-product
in the feature space

. . .. . . . . .. . .

Graph Kernels with
continuous attributes
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Graph kernels with 
continuous attributes

see the ILP2015 paper for details
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Novelty related work (1)
ProbLog: probabilistic programming.
• Facts labeled with probabilities.
• Probabilistic Weighted Model Counting.

aProbLog: algebraic generalization of ProbLog.
• Facts labeled with elements of a semiring.
• Algebraic Weighted Model Counting.

kProlog can handle multiple semirings.
• Facts labeled with semiring elements.
• Multiple semirings in the same kProlog program.
• Algebraic Weighted Model Counting is optional 

(i.e. using the SDD and the BDD semiring).
51



Novelty related work (2)
kLog: learning with kernels.
• knowledge-based model construction.
• graphicalization declarative specification of graphs.
• can not specify new kernels in the language, allows to 

plug external graph kernels.

kFOIL: variation of FOIL for learning with kernels.
• can learn simple kernels.
• the kernel defined as the number of clauses that fire in 

both the interpretations.

kProlog: can declaratively specify kernel features.
• introduction of polynomials for explicit feature extraction.
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Conclusions
• kProlog is an algebraic Prolog, and can be used to specify

feature spaces and learn with linear separators.

• kProlog is a language that provides a uniform

representation for:

– relational data,

– background knowledge,

– kernel design.

• Polynomials and meta-functions allow to specify in kProlog

many recent graph kernels.
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Future work
More declarative specifications of 
existing graph kernels:
- rational kernels
- shortest path kernels
- …

Kernels on probability distributions 
(SDD semiring to mimic ProbLog):
- probability product kernels
- Fisher kernel.
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Thank you for your 
attention.
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¿ Questions ?
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